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A 1Matrisl or cobri

lMatri s aMdtaryiekx énonbhmswuskanan ripaziy
olan matrisbr cob r i pyymngixtisaslada (igtisadiyyat, mgliyyat vbs) my¢ h ¢ m
phomiyyotb malikdir. Bu onunlabs a s | a b iktisa*tarda tzi obyekt \»
proseshr i n b i bsinip riyazi modebrikifayot gpdor sad kokildpy a z é 1 ér .

Tutaq ki, mni N pdodlor i ver mhsaydaodododon d¢zbuca
koklindp d ¢pz d i | nrsiayda Btri vbon s ay da s ¢ todviiou(mi )l a n

° 1 c ¢ | ¢deyilia Matrisis

fa, a, a,§
&, 8, - 06
& oowwe
"
koklindp y a z @pzbnadairov i oied ovozinb [ ], ||| si mvol | ar én

istifado edilir. Ma t r i si ,q(@f(B=1mljaknh kmidoyazer l-ar .
rislori, adbton Dlait fema s & nofflori A B,@, X,K,...Ihb i kpaedirlor.
Bozon matrisbri A, kimi do i kpaedirlor. Matrisi ik k i Bn pdedibro onun
elementpri deyilir. a, y a z € | & Kiéci soimidl b, j-ci us i sn¢, t wsnioesined N k
dbodur an el exmem=tnioldugdaat € n a n n -tpréibli kvadrat

matris a d | aBir élementdn ibamt olan matris birtprtibli matris deyilir.
Birtortibli matrisi onu bk k i on yegad pdodIp eynilok d i o Galf)ian.

Ancagq bir stri olan matri sptir matris, ancaq bir BSdtunr
matris deyilir, mpspipn,

A=y a, ... &) Bnﬁlzaaﬂg'
&
B0
n -tortibli kvadrat matrisina,,, a,,,...a,, elementbr i - o ominumptisintha K
di aqoa,a,l. .. a, elementbr i -oyanpp,Kinar ) di aqo
adl anér . Bak di agonalodnanb ¢atkean pé @ la esngefne
borator olan matrisy u x ar € ¢ ( B waph g3 dlaaméars
fa, a, - a.g . 0 - 08
:0 a,, .. a2ng vDya gﬂ a, .. O 8-
o -8 PR 5
?O 0 anng é%nl an2 - anng



Ancaq b ak di aqgopo n alsé&nrgiroldra hvadratamattis
diagonal matrisb a k  d i a g o oni ayni bieptie otaadmgohalmatri isb

skalyar matrisd e y i | i r . al deemnentridvahi@bdpmahor olanskalyar mat
ris vahid matrisadlanir wE, (vbyal ) horfiilpi koard i | i r . Brit ¢ n
s é forakor olan kvadrat matriss € f é r deyiliavp Oiilsi kpalanur:
géalu o ... 08 . . gé':l 0 .. 08 .
@0 3z - 00.diagonal matris, 2 2 - Od-skalyar matris,
e o e o
& vt g & g
& 0 a,,2 & o .. a2
a1 .. 08 40 0 ... 09
® 1 06 @ 0 05
[e} H H o = A H
& g-vahid matris, & gsefeér matris
g e B
gbo...lg g%o...og

2.Matrisl or __ orird b omolior.
1°. Matrisin pdpdpv u r u | Mas & lAm{aR) (i=Lmj=1n) matri-
sinin hpgiqgi / pdpdinp hasili, elementbri b, =/a; (i :],_mj :ﬁ) kimi toyin
olunan B =(b,) (i =1m;j=1,n) matrisimdeyilirvo B=/A (voya B=A/)
ilDi kpaolunur. Denoli matrisipdodb v ur ma g ¢ - ¢ n  moeantorimi b ¢t

hominododov ur maqg | azéeémdeér .
Xas$lpri:
1° (1 pn=1(nm), 30 (1 + mMA= 1A+ nA,
2°. /(A+B)=/A+/B, 4 (1A) =K.

2°. Matrislprin cpmi. Eyni (m3n) ° | - A¥(g) vbB=(h) (i=1m
j=1n) matrisrinin chmihomi n  ° Ip elgmentri © =a, +b, (i=1m
j=1n) kimi toyin olunax C =(c;) (i =1,m j=1n) matrisiro deyilir vb
C=A+Bk i mipolurkira r

Xas$lpri:
1°. A+O=A, 3. (A+B)+c=A+(B+C),
2°. A+B=B+A, 4. (A+B) =A +B".
Eyni °1 - ¢ 1 ¢ ordi dwhoki omoliorpg °sa jmarfél ér
A- B=A+(-1)B.
Ay dé n domipkak A=p. h
Eyni A VD Bgmatgisbrinin xpt t i k o mkaA+b8 sokligda s &

ifadpyp deyilir, buradaa vp b ixtiyari pdodlordir.
3°. Matrislprin hasili. (m3 n) °1 - ¢A={a ) (i=1mj=1n) matrisinin
(nep)ot - Ble) (=1mj=Ln) matrisir hasili hodiori
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G =é a,b, (' =1m | =1,_p)
kimi toyin olunan(m3 p) © | - £F €,) (i=],_m;j =],_p) matrisirp deyilir

vD C=AB ilpi kpalanur.
Tprifdpn  a y d €& A tharisinirkB matrisirpvurma q  (A-ngénntunia- ¢,
renénB-mnagyirBr i ni n peabpy éolambél édér .
Qeyd edk ki, matrisbr i n hasi Ipjii egasgsn ydeorfd u d e
(AB, BA).
Xas$lpri:

1% 1a=AI=A 2% oa=no=0. 3% 1 (aB)=(1 A)B = Al B).
4° (a+Bc=ac+Bc. 5% c(a+B)=ca+c. 6°. A(BC)=(AB)C.

4°, Quwptpy ¢ Htmp. X ¢ s u's i orbikVadratA mat ri si nmoi ©° z
vurmagq olar. Buhaldadmi n mat r i si npbpsk.v aadlréantér,: k u b
A=A AMOA=AON = A,...
Torifo g 0 A° = E, A' = Aforz edilir. Asan &,gA™ QA" = A™", (A™)" = A™
ol duj upmmok otpP s t

5% Matrislpr i n - psi(ransponip edilmpsi). A mat r i s i mtrlori b ¢ t
iIDb s¢tunl aori@m @&oy i kydogimbi (| nMpirini saxlamagla) onun
- e Vv psi deyilirvo A,ALA"si mvol | arpé moddilinn biri il

Xas$lpri:

2. (AHT=A 2°. (1A =1 A"
3% (A+B)"=AT+B" 4°, (AB)" =B"AT,

A=A, yoni a; =a,(i, j =1n) oldugda A matrisiro simmetrik a, =- a,
oldugda i® - ppsimmetrikmatris deyilir. Simmetrik matrisdb a k  di a@apon a l
ron simmetrik olan elememt borabordirlor . ppstnmetrik matrisdisbb a k - di a
gon al da s é&fiébd dagonajaemrbn simmetrik olan elememtl isb
i kpep forglonirlor.

Eyni °d b gl ¢ u yv u n priebbraon elant matrisbro bprabpr
matrislpr deyilir.

cgormatrisin r habhsénia el emnegnti, oafdamd s
mentor i n h a méosabordirsp,édndaabu blement omin trin kpnar
elementia d | a n & matrisnc igincidon b ak | aryba rofimin kbnar
e | e me n DnpvvBkisgirim #bnar elementinoh s a | okoasp, lyeb maltris
pillpvari matrisa d | a psAon:, m

& 2 4 73
x

@ -1 -1 -3
g% 0o o 0?9



IL.nthrtibli kvadr atTampaétnr:i s veril mikdir.
a) bak diagonal da,

b) bak diagonaldan yuxar éda,
¢ bak di agonapadethenhyeda k aj?7éda ne-

AK ad led npattamsposirpedin:

83 0 50 25 40 20

2. A= . 3. A= . 4. A= .
é@ .58 %3 18 %3 18
1 2 35 201 -1p 82 1 05

5 A=% g 6. Az‘% 8, B=g 8, 3A+28=?
B 5 60 % 1 -49 53 2 29
. % 3 -3 84 2 09

Hplli. 3a=% , 2B= :

b é% 3 -128 ?e 4 48

2

3A+28_a6 3 -39 44 205 8-43+2 -3+05_42 5 -39
é% 3 12@ %6 4 4§_9 -6 3+4 -12+4§ ?6 7 —8§'
Ver i | mignxpeatir iksolmbi nasi yal aréné tap

a2 1-19 4-2 109
7. A= , B= , 3A+2B=7?
B1d PEao

D
=}

i ig ) @+i)A+@1-i)B="?

(o]

’u’
o QR
I_GDOz

@

1

8. A+BrA+B=?

R WS oamE

>

2

,  C=2A+3B=?
1

-|-CoO

10. A= , B=
-

I
&8

a1 -15 &5 4%
A= B= C=A-5B=?
1A%, .88, o
42 -1 28
12.A=5 -3 38 A-1E=?
F1 0 -29

a -1 33 &4 -3 59
& [0} x® [0} L
13 A=a8 3 65 VD B=a3 -1 4p oldugda S=3A-2B  matrisinin
0 0
2 -2 4 ® -8 52
si mmetrik oihdujunu g°st
& 3 -1p a2 4 -5%
® [0} zS] [0} L
14, A=22 2 5% VD B=ab 4 5¢ oldugda K=2A-B marisinin
6 0
@ -1 32 @1 3 69
-ppsi mmetrik oonhdujunu g°st

Ak aj éd a Krépill pvaatrilp oftitin:

gel 0o -1 -1g gg -1 -1 '38 ge; 3 -2g
1523 -2 -1 06. 16.8 2 4 76. 178 1 16.
Fs 3 2 -1 ® o0 10 59 A5 -5
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0 1 3 %8
18@1320voggmatrisbrinin hasilini tapen
o1 39 0
g‘i 1-132 %8
g+
i 20 & o 0os10433 5 8205
a8 0 1 3§ &0 5Q+0G+10+33 § 4209
. & 0 o9 Ee 0O &_0
Hpli: 2 1 3 25 g =22@+1@+30+23 6=476.
gﬁ 1 -1 39 gﬁ 3‘21(2+1@1+( 1)a+339 Bod
=0 9

Akaj] édakrpg oA vpi ABA hasillr i ni hesabl ayén:

48
19, A=29, 20 =3 2 ' 3%
3.. @ -15 -12
Q
@0
Akaj éedabkmnhasiipt r ns| hesabl ayén
429
43 -2@®@3 44 &2 -3@9 -60 ® 0
21.(%_4_% 58 22.@_6%_@ 23.3 -5 4)?]_8
2 1@1 30 a1 32 10 40 2 -18 & 3 29
2.3 " § 25 @, @ .8 26 =2-120 & 21
¢ ¢ N ¢ ¢ o 3 -2-12 A 352
da b@b do acosa - sinag@cod -sinbg aé" 2 392‘968
Yee 20
27'% d%a —cg 'é%na cosa%inb cop? 7T 15 39337@
211 28z '0
T2 49
(; g
439
ae18 3
& a4 328 93947 39 al - 20
0
30.(4 0 -2 3 1)231d 31.% 5%38 -126@?2 1@ 32 ;;% _4§.
®&50
®e,0
c2+
a1 ag a1 15" 21 Ogn
3.3 falr. 34 % 4. 358 0 16 .
¢ 1= ¢ 1= B o 09
(; -
A vp B matrislpri verildikdp ABvp BAhasillpr i n i pgpha p @kpaoh [).s
a3 4 50
42 35 @ 8 -20 43 -49 4 2 _ 42 640
36.A-§ 0 _1§B-a@0 2837A % 4@ B_?z 5@ 38.A—€§ 6@, B-gl 3§
3911 89
Ver i F(i o kdlisivo Amat r i sf(A patrisiningiymptini t apén:
ég 2 0g 42 -15
39. f(x)=x?- 3x+5 A=d 1 15. 40. f(x)=x*- x- 3 A=g" 8.



2 1 1§ . -

41 f(X)=x2- 2x+1, A=m8 1 25. 42 f(X)=2x3- 3x* +5, Az%l 2§.
@ .1 00 ¢2 3%
(; -

43 A=§£23 '318 matrisinin P =x?-5x+3 - omdH i s ikng no lkPu] u
&

g ° CEirt.

A 2Determinantlar

K entlpn n tortibli kvadrat

o, a, - a,Q

_&8y; Ay . 8y
A—ae

gaanl an2 e &

matrisirp determinant( i a y & r adlamhn kirdetd jvpya D(A))pdod i ni gar
goymag olar:

1) n=1, A :(aﬂ), detA =a,,,
bu elemeri A matrisinind e t e r n(vpyadirtfr & i bl i  d)elayir.r mi né

&2y a0
2) n=2, = detA, =
) & (35;‘21 azzg &

;A _
=A@y~ A58,

Q1 Ay

buforgp A, matisinind e t e r n{vpgaakitpr € i bl i d)edyikr.r mi nan

f;iean 3, a138 &, &y A3
3) n=3, Ai=am,, a, a0, detA; =|a,; 8y, @y =
6%31 LI Ay, 85 83
= y18,5,8,, 858,583 18518558 3 831855837 818833~ Bgx855% - 1)

Bu ifadb A, matrisiind et er n(vpyagnpit € i bl i d)e taed |nai nnéarn.
Bubdod det er mi n aindbné nadlsezi € méedebh ibaiotdire h
Hor bir toplanana matrisinohsotir vohor s ¢t unundan dahc agq

xidi r . Det €r nai-néa pelrd@ifadicaini Hosi Barrius gay
das ¥pya¢, - bucagadapndasé akmndgyybeoki@r: s x e ml

l -bucaq qaydaseé

&1 A2 93
ap1 apy a3
a, @8z az3



n-tortibli determinantinn? saydaelementivo S ¢ t u n | pérlprid)n
n saydahpddi var. paral el psk©:
n-tortibli determinantin br ~ h a,n elemen T -
tinind ur d otif vos st un @ihi pomagda Ial
al & maln tortibli determinant bu elementin
minoru adl anbé M, o i koa edili.

Det er mian @lantestim M,  minorunun

(-1)" ododino hasli homin elementin  ¢bri

t amaml ayk aeAglei mipedilk ar
A =G DMy

ol unkrtokt i bl i mi g@ryabeé n —sz
bordir. Onda, n tortibli matris n® s ay d anlifm¢ *x
kokildod ¢pzdi | mi kK mi nor lparlai maéli &mehticaq® £

Teorem. Hpr bir determinant r hangtevpbpar sgt uiinie| e m

° zpbci t a ma nfdhaswpanin €dmiaprbl@abfrdir.

Mpsblbn , Drgt-itb | det erdmiknéa ndt¢ s¢t-uirnl aark adj©éf
€ay At aAntaAg
Q; A, A3l |
D(A) =[ay, a3, a :!1321A21+322A22+323A23_
SN [ IR ——
oo e [ 313A 3 + @3Ap3 + Bg3A3
Bu boratorkiklor o tti bl i det e gptinivmsaantt iem ¢@ily§ men

cpayr élaad laamree .

Determi nanxadgipiaaa @ € daki

X1lDet er mbg & githoe B n i uyj] un oinigty u xkiggork Il a
det er mi n a moetdkiptonua qiysmt doy ii Bzm

X2Det er mi natnin &y ai kiik i s s ¢orini doy inoky onuny e r |
y al n @&szdoyiikka r

X3Kkotrivey a s ¢t unu ey n isifraddrabomdir. det er mi na

X4.Determinang nor h h a n $ténin voly iar sg b luntu amenterik e
nin ortaq Vvur ujpsixauciteé&txear mamga rotl airk ar

X5Determinant dearibss gtewhamapt &in var
determinant sifra tyatordir.

X6Det er mi n anagibéalan ®tirkpti vD y a s¢tunl ar é
determinant sifratyatordir.

X7Det er mi oma nhtaénnetéthi niirn s s ¢t un u oriuikmn ) b
toplanandan ibat oldugdao nu i ki d epin e oklimdp yazmap elar, c¢
bebk i , bu det arindnihomannstt li @ r é(ns ¢l orinBirincie | e m
digorindp isp ikinci toplananlardan ibat olur.
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X8Determionahbaméhlhbi(rs ¢4 ommmn dygomgrmdedd t |
vurub dakaoga ($¢t ununo)ilodyjpdradelda@ otnlu
doy i BZm

X9Det er mionahto@iee h(ss ¢ t omnin)digpesbternmenn t(Is ¢ t
uyj un elnieecdermit |t a ma »h a pricenasifra tbrabordir.

2 - .
44.‘4 :‘-determl nant @éné hesabl ayén.

Hplli . 'j =2(2- (-3)(A=4+12=16.

2
4

a+

45a-n én h anleiédoly yf’n a53‘det er mi n@amtdieg? séfra b

Hplli. c vbicover i | mi k determinanté hesabl ayaq:
+3 5
.= J:(a+3)(a-3)-5(-1)=a2-4.
-1 a-
Denmoli, a=°2 oldugqda,D,=0.
1 3
46.14 2 1-determinant é&né hesabl ayén.
50
1 3
Hpli. (4 2 11=1083+4®@Q+30G- 2Q@&- 3G43- 10G=-35.
50

Determinantl aré hesabl ayén:

47 3 6 cosa - sina tga 1 a%- ab+b?> a-b
"5 1d" " Isina  cosa |’ 1 tga " la? +ab+b? a+h|’
-1 5 2 5 21 0
a-b a
51 b‘ 52. |0 8 53. 8 54. 11 0 3|.
a+c a+
2 3 8 7 05 -
a a b 1 12 3 4 -5
55. b 0 56.‘ s :‘ 57. 14 5 588 7 -2
b b 7 8 9 2 -1 8
Thnlikl pri hpll edin:
50, X X+ -0. 60. c.osBx - sin5 _ . 2x+1 3:
-4 X+ sin8x  cosbx X+5 2
+3 1 3 X - X X+l Xx+2
X X-
62 ; 1=0. 63. 2 -1 3|=0. 64. [x+3 x+4 x+5=0.
-X X.
x+10 1 1 X+6 Xx+7 x+8§
Bprabprsizliklpri hpll edin:
3 -2 1 2 x+2 -1
65. |1 x - 2<o0. 66.1 1 -2>o0.
1 2 1 5 -3 X
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2 0
7 1
6 0

Hpli.Vver i | mi K

67.

d-eit es ymbhesabldydn® 2

3det er mi nanofiréoly @ isxt iuykEaiUDistasyarbd ay é n .

2 0 )
71 =1#>6 jzzcs-sc'm:-s.
6 0
Ak a] éeankimantade | x pirvpypa i s §t unununphesathr a8yl &rk:ér
2 -11 0
0 1 o . 3 -4 7 1.9 2
68. . 69. 6 -8 14. 70. {2 12 3|.
3 -12 3
2 1 3 3 13 -
31 6 1
2 3 -3 4 2 4 1 5 a2 -1
7 P11 2 o 42382 3[4 b4 -
6 2 1 O a b cd 2 ¢ 3 -
23 0 - 3 -1 4 3 4 d 5 -
; 21 24 36 0 a 0 cosa cosh co
74. | 75. b ¢ df. 76.11 1 o].
10 0 1
0 e O 1 0 1
3 2 -1 -7
A.Matrisin rangé. Bazis mi
K x t iAymeatrisinin tor h &rsayda stirlori ilb k sayda s¢tun
kps i msintb yerlbkon elementirdon  al¢dzi Ik toititki determinant bmin
matrisin k tprtibliminoruad | anér .
Ay d é n dAmatrikim3n° | - ¢ Io,oudakr¢ snin(m n) olar.
Amatri si nipmli pe é fy@ tkodilali mindrunun tortibino homin
mat r i s ideyilirvoerfApil®i ko@d i | i r . @rAEemihEnm). ki
Tor t i bi ma t r Dygpih etbn minonbgzisméorua gl | anér . M e
bi r b bazis minoru ola bik. Matrisin bazis minorunun psrlbrinb
(s¢tunl arorimrai) (usypamangtitids (bazjss ¢ t u)aldd raén e r .

Teorem. (bazismi nor u

h a q @) iMatdsan bazis "irkoro (bagisn

st unttar €)a e IAématdsieiry iktiyari sot r i

( engrt bazisu )

sotirlor i nin (bazibts, okomtbémaséypns®
Matrisin ram@g®rae aijleig.qayda il
1.Birinc i ¢ S Ubgok ilssnea-tnr i s i norgls o f eypkdkasibli  f
mi nor unu c ¥oempigiyati &irtortibli M, , O minoru (yoni matrisin
séf éordan ®I1 e me nothbehminpnydxdurs® bndaverilme gma t r i
séeféer ma(A)+0 SonraM,ymi nor unu p%lan Max0i | i n
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mi nor u ok&impet iamlaid mi n o r orlaebmitoe(praib | a&fear.
forgli olan ikitortibli) yoxdursa, ondar (A) =1, oks haldar(A)2 2 vb s. Bu

gaydaibmat r i si n r enrhmy & rmé da@mnkdreprkator kK | b1 i s é
forgli minoru tapmagq kifagtdir vb onu ancagM, ,, O mi nor un Winb® z ¢
al an mipnsiodbdxatrarimaq | azémdeéer .

2Kki ncipmgsul si 8 r an q énpéadlenarenmlgyattaa r -
vasibsilp toyin etrrokdir.

Matrislor  pgnzib apar €1 an akmof edaként-agpri r |y
adlaneér

ILKxtiyerrii ni Kis¢d oynwkem yerini d

2Kxtiopari (s ¢dododinpyurmagwy a & | m

3Kxt i yptarriin s( s¢t uondm) dtlar&ima n (ds ¢t unu
elementbrinb blavp etnok,

4B ¢t ¢ n el ie ndaengtievbs ¢t un | a ron konaredilrosi. i s d

El ement dlfor -meavirrimpyn krnimgéné d

El e me nt $lorvasifesitp matrimpillov a rpkilp gliril prsp, onda onun
séef eprg<ptinipr fi ni n pwearyiél, miek matri sin rangqeé

Pghre | e me nt Hprvasitsibma tmr i s  {klp gbtirildbspaohda
bu matrisin ranqgé bapglieemantproinral sijmar ®d a
bprdir

77.El ement alorvasissibak amj édaké matrisin rangér
2 -1 5 6§
& [0}

4 1 3 5%
2
a-51 -3
2 -1 5 6§ 2 -1 5 63§ &2 -15 6§
. & 0] e (0] x o]
Hplli:e& 1 3 5% ~® 3 1 4% ~#® 3 1 4%
0, 0 0
@-51-3223._" @-9-3-1;”“@ g% 0o o o
Al énmvarp é Imat mrgliskisset & fré rsdaaxdi efg€2r., dem
Akaj edakrei matangdné tapeén:
a1 4g 2 39 g4 -1 2 7 38
g 3. 9% § 80.a -1 45. 8L &8 5 26.
¢ N Sl A 10 -62 R 419
al 1§ 44 09 42 79 a3 39
82.% 1@. 83. % Og' 84.33302. 85.{;% 69
¢Y = (S ¢ ¢
2 0 £ -13-248 % 31 53 -418
86.61l 20 87.24 -2 5 1 75. 88.2’ A 78
. ® -1 18 29 e
¢ ' & 7 9 19
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80.AkajJ édakeée mat rpigsiuilptua plibgzésmidotaséé njwif: s t
4 0 2 0 -3 Og

x
A=z 1 0 2 0 0%
2040 -60°
1 10 1 0 0 10 -3
Hplli: ‘0 2‘:1,0,01 =0,/0 1 2=0,[0 1 0|=0o0l da} a@W=2.
20 2 0 0 2 0 -
Bazis mi nor |l ar éorbu bmat mi siom | iak ietd ér :
1 1 02 (20 (01 |02 |10 |02
o1' 10 2" 120"[02"(20"(20"|04"|40°
Ak a] édakpei mat B §&n&lpta plEbir bazismhor u n u prig:° st
gg-lzg gg-lzg %-1568
90. & -3 36. 91 & -3 36. 924 1 3 5%.
ai302 @322 A -51-3
Kaj édakréei martangdné Hiidkbmaepéar -evirm
al 2 3 09 a 2 -11 -3p
93%11 12. 94.%-11 6110.
c 34 1 c 1 14-3_

A 4Tors matris

Thrif. bgprkvadrat Amat ri si ¢ - ¢n
A'A=AA'=E
olarsa, onda A* matrisinp A matrisinin frsi deyilir.
Bu halda Amatrisid A' matrisinin brsidir: (A‘l)’1 =A, yoni A vD
' 'gar k ers reagisbrdir.
Det er mi n apdoe olag &Jfadra A thatrisim ¢ € r | ap & K

mpxsusi) matris, oks haldaisc € r | a Kvina gegrikmpxsus) matris deyilir.

Teorem. Verilmi A matrisinin fors A* mat i s i ol maea -gégh
mayan ol ma [¥ug vpk a foridir. kK
n-tor t i bl i cAemalrisifinras/ia na Kk aj € dymblénurd ¢ st u

aA; Ay - Aul
1 &, Ay o Agd
DA% S-S
@1” AQI'I Amg
buradaA, ilb A matrisimu y ] u nmidre d e telenmentinin cbri tamant y &
céseéoli kmmukdur .

X¢susi o3at diabRi vc ér briatormeaiy anny majt-adlsdr
dak € d ¢ s tyinolunalar:l a t

Atl=
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. ~ an; Ar Al
-1 1 aA; A0 -1 1 & 0
A= 81 A= A, Ay Ao
D 2 2+ D 0
AT, A Bo a ad
Thrs matrisin xaslpri:
1. (AR *=B'A", 2. (A=A,
3. (Ayt=(AY) 4. |at=|o" :ﬁ'

QeydE|l ement aor -¢eswuddtmusmiattisi tapmaq olaBunag °pr
verilbon n tortibli Amat ri snf2ngd ¢l ¢ dTg z(BAEE matrisi-é
ni pdigk,DuzamanA mat r i s iorofinbnE vehadimattisiniolavop edirik.
Amatri si - & rotirlark m{asy¢at mohwd eakra)me¢nztmelor - e v i
apamaglaT, matrisini (E/B) koklinpgotirmpk | az é mdB+A*. Bur ad

Q

ar 26 A -
95.A:% gmatrisininor si ni hesabl ayeéen.
3 4+

1
Hpli.l-ci Yeuwl | mi k mat rtiietAi:r\\3 arett-eﬁl:ﬂﬁ,rOa)IHt é

dy unao, g® c é&r | awaonanyra nad Blatrisin glemerttinin cobri tamam
| acyéél ar éné Ahed,aMp Eay, &g=-3, A, =1.
Belplikl p,
.. 1 8A; A0 134 -25
iy Y- 8=& 8
detAg , ALY 2¢ 3 1% ¢ 3/2 1/2%
Noticoni n dojrulujunu yoxl ayaq:
L &3 11 -1/25 &l 0§
AR _éﬁ 2%2 3/2§_§ 1§'E

) al 21 0g. — .
2ci dg 41% " 4o 18Y (1-ci sotri -3-pvurub, 2ci sotrp blavp edbk)
(; -

.a 2|1 o . .. a o2 15, o
Y & g(2-ci sotri 1-ci sotro blavo edk) & gY (2-ci sotrin
8@ -2-3 1% 8@ -2-3 12
b ¢t ihi &2 mbrf’dd)lée; A e
, t ¢ n  prihi =
«t e & % 13/2 - 128 B2 -8
Akaj] édakitphmaitni st apén:
al 29 a1 -29 &4sinj cog @
96. % 3§ 97. (% 45. 98. ?COS’_ sinj 8
41 30 ax 26 da -bd
99. ?2 4§. 100 ?2 Xg 101 ga b§'
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a1 0 0g a1 3 49 ga 0 09

102 =9 1 0s. 103 2 0 3. 104. 2 b 05.

0 ® o o

D o 12 F21 -39 D o c?
25 79 B4 5g 273
105 a6 3 456. 106. 22 -3 16. 107.a83 9 45
(o] o] 0
g% -2 -3 g% -5 -1° gﬁ 5 32

A 5Xptti t onlikl or sistemi
Tutaq ki, n mochullu m xptti tonliklor  si st emi  ver il mi kdi

G a;X tapX, t..ta,x =b
| X +apX, +..+ayX, =b,
i (1)
fawX +a,x, +..+a,x =b,
Bu sistemi qeé sokildoydzahibdky akaj édaké «k
n
a ax; =b; (j=1m).
i=1
Verilon sistemb, =b, =...=b,, =0 oldugdabircins, b,,b,,...h,, bdodlorin-
donh ee | masa biorgli oldsigEd i® birdires mlmdyan Xt tpnlikl pr
sistemiadlanir.
Mochullarin (1) ssteminin tor bir ton | iy bymnix, =%%¢x, = xJ,... X, =X’
giymptior - o x | u] b aleyibr.Mollimlan sistemu y u Kvi ya birgp),
holli olmayan sistem B uy u K mgvp ganbirgh olmayan) sistemad| anér
Uy ukan s i sholeodugdayngpgyfannikivoy a d a holi olduqda h
isbgeyrim goyypn sistema d |1 anér .
(1) sisteminimatris nlik adlananAX = B koklindp yaza bibrik, burada

a8, &2 - 4 49 gebl g
_afly Ay ... Apd @b __aho
A= o0 X7 6 BZx o
o g =6

&0
Bo A o Bm® B B0
i kmolor i aparAedoynierid@rs.al | ar @ mdd d Mmi kg zma t 1
ya sistemirpsas matrisi),X -doy ibrdor i n - sngtrisiu B isp sorbpst hodlorin
s¢tun matrisidir.
Bu tonlikdon X matrisini tapmaqdob olunur. A mat ri si ni n de"

D(A), 0 olarsa, onda A* tors matrisi var, bu haldg e r i bniigin kor iki

torofini soldan A* matrisimmvursag,X matri sini tapar éq:
AAX=A1'B, EX=A'B, X =A'B.

15



Eyni gayda ib xA=B vD AxC=B tonliklorinin do hol | i ni | uyjun
akajédaké kimi tapmaq ol ar :
XAA'=BA'Y XE=BA'Y X =BA",
AAXC=A'BY EXC=A'BY XC=A'BY
Y XCC'=A'BC'Y XE=A'BC'Y X=A"'BC".
Kramer qTatagdka E)ebnlikior sistemina tonliklorin vb dpy ibrk
lor i n mahosdie mbn. Onda sistemin matrisi kvadrat olup @nun D=|A

determi mant desiesménanté adl aneér .
K n dpiikimbchullu iki xotti tonlikdon ibarot sistemi il edok:

iéallxl +aX, =by 7 @)
j Bo1X T az%, =y,
burada dy bnorinobms al | ar éndan h e - orgbdir. nBu sistemb i r i
holl etmok ¢ - ¢ n oliyi raj, 4yoe ikincimi isb (-a,)-ypvur ub onl
t o pl > ¥Wog brini yox edk. Sonra birincibnliyi (- a,4) -b, iKincini isb a; ;-
pDvurub toplasagy, doy iDrini yox edk. Noticodbbebb i r si st em al a
i'e'(allazz - 891842)% = ag; - bray, _ 3)
i (180 - B21842) %o = 4405 - 31D,
MO trizodoki ifadolor  si st emin determinantder:

1 4o
D=ayay; - ayd, =

a3 Ay
Belbb i r olobmxaparaq:

b a a, b
D, =byay, - boay, = b 2|, D, =byay; - gy =| bl
2 A2 ay by,
Belbiklp, (3)s i st emi oklak@§ edakeée K
éDOq =D
Ibx, =D, @)
iD&; =D,

Al énan bu @9 rsdpgoards k$ t e mi nD,dDedtéerrsnai, n aonntc
(2) sistemin yegamholli var v bu Holl

Dl D2
X =—=, X, =—=
"D’ D
d¢ st uotlagpBal éidl¢ Ktr amlear dgdlt amérrar é

600, =D
c gr D=0vbpD;, 0 (vbyaD,, 0)olarsa, ondae 1o

.. ahépn v
i0&, =D,

(2) sistemiur. uyukmayan
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860G, =0
cgor D=D; =D, =0 olarsa onda| al é mg2) sistemi qeyr
{0&, =0
m Dyyon olur v sonsuz saydaoiip malik olur .
K n dbitutaq ks, n mochullu n xotti tonliklor sistemi velimi kK d i r :
gayX, tapX, to.tapXx =hb
iaﬂx1 +tanX, t.taX, = b, )

}an1x1+an2x2 +..+a,X =b,
Mpc hul bmsraéd ar @8 dd d Mmi k¢ z

a,  a, .. a,
D:a21 a, ... 3,
ay a, - 4,

determinam € n Jesistenfintipbs as det dayilni nant é

Kramer teoremi. Tutaq ki, D (5) sistemirin psasd e t e r mb; ms@mpRas &
Ddet er mi nca nt < ntéonosii odiondon sbat s ¢ bvoe redlika
mosindbn  al enmék dle%pe r mi rdert te)riarkbasdd mti Ikari r
cgor D, 0-dirsp, onda (5) sisteminin yegamolli var vbo

x =2t (=10
dostumi apBl éd ¢ Ktramlear dgdltamé r e
Deteminant ar d an asisténiingédl bl amadg re d a k hall ar
a) (5) sistemirin D, 0 oldugda yegam
Di . P
= — 1=1n
X=D (i=1n)

hol | i var dér .
b) ogor b=ovbancaq he- bpwlbma®=an)-dirsorondd ) sis
t e mi uyukmayandeéer ,
C) bgor D=0VD D, =0 (i =Ln)-dirsp, onda (5 sistemitin sonsuzsayda blli
var (bu hal da h eonlyidigotho@ns aepticssiolsir. e mi n b r

Qauss ¢ex | 8amaebco@dd(p) sisteminimpc hul | ar & a
yoxetmp (vbyaQa u s s ) ilp ot edirlon: a,,, 0 olmagla(a,, =0oldugda i®

sistemabki tonliklorin yerlori elbdoy i kK di r i | i r pdurian bnkikdo X i n c i
mochulununoms a | &  srglifol@ry @lpsisterhinin birincionliyinin hor iki

torofini pvvolep 22 pdbdinb vurub onun ikinci pnliyindon, sonra 2 pdpdinp

8 a,

vur ub pnliyndot \p s. ;M pdodinb vurub m-ci tonliyindon torof-torofp
11
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-éxmagqgl a (1) sni sstoenmianamidorioloiort xgimocktiu gox

edi | ir. Al énmék pbny eno nonbkibrgedoe b ny uka m&d
gayda ib x, mpchulu yox edilir. Prosesi bu qayda idlavam etdirmkip (1)
sistemi ona ekvivalent olan miltari sistenn gotirilir. Buradan is moc hul | ar

t apmagq opotindeyl.da -
Olabibr kioyypnmgddéml ardan sonr anlgi st e mi
06, +08, +..+0&,=b (b, 0)
koklindbol sun, onda (1) o stemi uyukan de
0&, +0&, +...+0&, =0
koklindoton | i k aohdamnaimtm & j Kk at él ér .

(1) sistemindki doy iporinbms a | bsarbo& hodibfdon @l ¢ dzi Ibomi kv
ge npnkri K l@Hanhani s

a b, §
fon 2 A b

B _aly Ay @, b, 0
S o]
ety 8
é%'ml 82 8mn bm+

mat r i ldok. i d¢z

Teorem (Kronekker-Kapelli). ( 1) sisteminin uyukan
gerph mil kKat mi si ni npsarsanméamn&in s iprabpr rolmasEé n a
(r(A=r()) Zoruri vpkafidir.

Belpki:

1) r(B)>r(A)=r, (r¢min(mn)) ol dugda (1) sistemi

2)r(By=r(A) oldugda( 1) si st embuhaldasiiksaane@dirn vr an

sstembkimoc hul | ar én ohiayBVvDE <m@olabidrr , vy
a)r(A)=r(B)=n (n-moc hu | | ar @ldugds sisyemid klirydgarpdir
vD homin hol | Kr amer dsigpstapel @&ré vasit

b)r(A)=r(B)=r (r <min(mn)) oldugda i sistemin Wi sonsuzsayda
dépobebbi r s »leaens g lzir<anm@yn) oldugda sistemin Iollini
tapgma q ¢ Aup osas onatrisininr tortibli hor hansé bir bazi
] urnsayda mnliyindon yeni sistem qurulur. binin sistemdn,oms al | ar & |
minorun elementti olan, r sayda mchular (bazs doy bnkri) galan (n- r)
sayda nochullardan(sprbpst doy ipnikrdpn) a s ekildbt s p el ér .
Tutaq ki, bircins
6a, X, ta,X, ... ta,X =0
%anxi +tayX, t..ta,X, =0

! (6)
|
bayX +apX, +...ta,x =0

xotti tonliklor — si st emi ver i I6nsistendi(A)=r(BRoylddwnjdun e
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g fohomibk y u k aoodué x =@x,=0,..x, =0 s &f é&r [flitvari vi al
Teorem. (6) sistemipdlimp séhéndan mhsé -¢- ¢1
nant énénprs éfl rfneai sypd@fidia b
Tut aq ki, ochdiIrcottpgiealiklgr - sm st e mi veril mi
8ay X ta,X, +a,% =0
l1"’121)(1 +8yX, + 8% =0 .
|l 831X + 85X, +853%; =0
Burada akajeéedaké hallar m¢gmkegnder:
a)pgor detA;, O-d ér sa, ondabxsksxt=0hmiivar, yegan
b) bgor detA, =Ovbd et er mi n aoti &dn miikniorcdiarténdan
forglidirsp, onda pnliklordon biri digor ikisinin noticosi olur ws i s t rpamul-, -
lu iki tonlikdpn ibamt olur, bunun iss & f éorglil spmsuzfaydaholli var,
f) ogordetA, =Ovbd et er mi n a mti®rnt iblky, t minnborakbrdir+ & s €
D, onda sdhdld eronliyp- v roolniurn vd a orgliséngue d a n
saydaholli olur.

108. f(x) =ax +bx+c - o edlsinin f(-2)=-8, f()=4,

f(2=-4 kortlor i noyon fadolumbms al | ar éné tapén
109 f(=a@ +b+cf unksi yopa=,6f@Le-n,
f(2 =4 «ortlor i noyon ARadblumbms al | ar éné t apén

83 -20 & -44 . L .
X = .
110 Cé% i 4§ é% 8§ matris pnliyini holl edin
Hplli: Matrison | i y i pgildouXoAi= B kimi yaza bibrik ondaX =BO\*':
_13 -2_ 1 la 4
|A{—‘ _4‘— 2,0,ondaA!= @5 38

4(34 24 &3 20

_'_% 8_§ 5 38” C@e o8

Arj eda k elikhaihpl édm: t

al 2§. a3 5§ a3 -29 a-1 2§
111 g écx:é% o8- 112xcé% _4§=?5 o8-
a3 -1G. 85 6§ &4 16§ a-1 1. 2 00
1132% 3 ; 8§=2§9 3 114.230 1§cx=%l 8
115 8 2 -46X=a0 2 7o. 116 &2 3 - 160K =a86.
2102 Zo7 8l ® -2 12

ge; 2 39 alo
117 22 4 66X = 5920.
@ g 9 @o?

O

QO
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118 Ak a] émtiackliglorx si st emi nipohdledinmer ¢sul u il

eéx+2y-3z=0
l|2x- y+4z=5.
b3x+y-z=2
Hplli. Sisteminosaswk °ok - i det er mi nantl|l aréné hesab
1 2 - o 2 -
D=2 -1 4|=10, 0, D,=5 -1 4|=5,
3 1 - 2 1 -
10 - 1 2
D,=2 5 4|=20, D,={2 -1 5=15.
3 2 - 3 1 2
D,0ol du]j wrsiatengyegamholbma |l i kdi r. Kr ammer qayda
,_5_1 DB _20_, D _155
p 102 7" D 10 ° D 10 2

AK a] € [dtiafkli&l pr sisteni n i Kr amehpledins ul u i |

e3x- 5y =13 ¢ 2ax- 3py=0 e2x+y=3
119.7¢ % 1207 y 12177
j2x+7y=81 i3ax- 6by=ab [dx+2y=2
8 2x- y=1 & x-2y=1 €3x- 2y =2
1227 Y 123.7 %Y 1247
ix+2y=-2 j2x-4y=-1 i9x- 6y =6
& 3x- 5y+1=0 &2x- 3y = 4 € x+y-22=6
e - = e - = T
1257 %% 126 7Y 1271 2x+3y- 72216
{7Tx+3y+17=0 j4x-6y=7 i
i Sx+2y+z=16
€2x+y=5 eéx+2y-3z=0 €3x- 3y+2z=2
1281 x+3z=16 129 l2x- y+4z=5 1301 4x- 5y+2z=1
bsy- z=10 b3x+y-2z=2 b5x- 6y +4z=3

131 Ak a] éoftiackli@lor gisteminiQa u s s ohdledinu i |

€x +3x, - 2% =2
12X +4X%, + X3 =7 .
b3x, - x, +3x, =5

€X +3X, - 2X3 =2 X +3X, - 2% =2
Hplli. 1o, +4%, +x, =7 ¥V | - 2x,+5x,=3 ¥
b3x - %, +3%, =5 | -10x, +9x, =1

€x +3%,- 2%, =2 6x =1
Y1 -2%+5%=3 Y |x=1
I -166=-16  fx,=1
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AK a] épmliklbré sti st emi ni-ol maymasaén épbairkank duéyr uékna

oldugdaonuntpl | i ni Qaftsasp éns:ul u i |
€ 2% - X+ X =2 € 2% +3X, + X3 =1
132 {3x +2%, + 2%, =-2 133. | 3%- x,+2x, =8
by - 2%, 4%, =1 bSx, +2x, - 4%, =-5
€ 2% +3X, - 2%, =3 €x, +2X, +3%; =6
134. | x +4x,+3x, =7 135{2x +3x,- x, =4
b5x, +15x, +7x, = 20 b3, + %, - 4%, =0
€7%; - 3X, +5%3 =32 € X - 2%, +3%;, =6
136. | 5x L+ 2%, + X =11 137, {2 +3x, - 4%, =20
b 2%, - %, +3x, =14 b 3x,- 2%,- 5%, =6

§2 %, +3X, +5%; =10

82x+4y+62=3 €2x+y+3z=13

1381 1 3% +7X, +4%; =3 139, 140
! - i 3x+y-z=1 [ x+y+z=6
[ X 2%, +2%; =3
& x+y+z=0 é X-2y+3z=1 & 2x+y+3z=9
141 7 XTYTET 142 l2x- ay+6z=-2. 143. | x-2y- z=-3 .
i2x+3y-5z=0 l i )
i Xty-2z=3 I3x+4y+52=17
& x- 4y- 2=-6 éXl 2%, - X3 +3%, =5 &3, +2X, - Xz +2X, =-3
i - ]
4x +X, + X, +2X, =13 X - 3% +2x =-3
144, |2x+3y 2z=10. 145 {1 278 TSN 1461 X, - 5%, +
I 3x-y-3z=4 A7x1+4X2+3x3+x4—21 i - 4x,+%, =0
F2x +5x, +3x, - 4x, =3 Fox - % +3x,+3x, =6

€ X+ X, +3% - 2X, +3%5 =1
$x+2y—3z:4 148i2x1+2x2+4x3—x4+3x5:2
{2x+5y+4z=-3 7 3% + 3%, +5X; - 2%, +3x%; =1
2%, + 2%, +8%; - 3x, +9%5 =2
149KronekerKapelli teoremindn istifacb edorok a k a ] épdlill e sistenini holl
edin:

147.

€ 2% - X +X3- X, =1
j|-2x1+x2+2x3-x4:O.
}2x1-x2+7x3-5x4=3
Hplli.As a n| émnpblaolagk?, osas wg e mom il K
42 -1 1 -1§ a2 -11 -1 1%
A=2§2 1 2 -18, B=$2 1 2 -1 08
2 .17 -89 2 .17 -5 30
matrisior i ni n r eratmdir:a (@) =r(B)=2 . S e f emlid akntortiblif
-1
1

iki spotrindb vb 2-ci, 3¢ ¢ S ¢t unlokairré.n déag ep ggnioe h u | | peboste n €
mochullar hesab edib-@i ikiton | i y i bkip Rifayetlpnok:

M =

2‘=-3, 0 minoruna baxagBu d et e ri,midoriadnvd B matrisinin Zci
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€ 2% - X+ X3~ X, =1 €- X, + X3 =1- 2% +X,
i i
i-

2% + Xy +2%; - X, =0 [ X, +2X3 =0+2% +X,
Kr ame rr ldagrsétnudbatmk ,i sstii sftaedmi n ¢ mu mi
x—2x-1x-g x—3x+1
2 1 34 3, 3 3 4 3
ho | i ni x wolxasr@sinoc hul | ar & n aotloi vemoklyssteniin sognsug m
saydabllor i ni al mékx ol ar éq

AK a] étiakli&lprx si st emi niphpheadinri s ¢sul u il

e3x+2y=1 éx+3y =2 e3x+y=1
150 7T asL YT 152 7Y

i x+ty=2 ix-3y=8 i X-y=7

e3x+y=5 €5x- 4y =3 82x+y=-1
153. (YR e YRR 155 7Y

i2x+3y=1 j4x-3y=2 i x+3y=2

e2x- y=1 ¢ ax- by=0
156 7 YTr as7y TR

ix+y=2 ibx+ay=a“+b

e2x+y+3z=-2 € 2x-y+z=2 ex+2y+z=1
1581 x+y+z=1 . 159 ‘:3x+2y+22=-2. 160. {2x+y+z=-1.

b 3x+y+z=3 box-2y+z=1 bx+3y+z=2

161 Bircins xotti tonlikl or sistemini ol edin:

é2x+y-z=0 €2x-y-z=0
a)l|5x- y+2z=0, b)l|x+2y-3z=0.
}x+2y+z=0 }3x+y-4z=0
2 1 -
Hpli. a)Sisteminbs as det ®sfmimnap2£pol duju ¢-¢n s
1 2 1
yegams é folBvar: h=y=z=0.
2 -1 1
b) Verilon sisteminbs as det ®rmi2n-a@8r0c&l dujundatem onc
3 1 -
s é f éorgl lkollo mélik olur. AncagM, =i _Zj‘zs, 0,ondabsas mais i n ry@nqé
borabor olur. Qeyd edk ki, ikinci tortib M, determinat ém tb bazis minorudur. Bu
bazis minoru birinci » ikinci tonliyin x vb y mochulla é n@s al | ar € n
d ¢piriyindbn, onda veribn sistem
€2x-y=z
%x+2y:32
sistemiibeyn g ¢ c | ¢ -i molura hesab ek sistemi pkletsther ¢ s
D 5 D 5

al ar @®liglp, veBlom kistemin blli (zz2),zI R koklindpolar.
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Xptti bircins thnlikl pr sisteminn ¢ munpihini vp fundamental Hllpr sistemini
qurun:

€2,25x+3y =0 ex; +x, =0 € 2% -X%,=0
162 | Y= 183t 164 7 27270
i 3x+4y=0 Ix1 X, =0" i-4x +2x,=0
€ X +X%X,=0 €X, +X, - X3 =0
165 £%7% 70 gpg fVBy=0  qg7 @t % =0
- %-%=0 [\/_x 3y=0 %~ X +% =0
€ x+2x,=0 R e3x1+2x2+x3=0
82x-y-z=0
1683 - iz, =0. 16977 . 170]2% +5x,+3% =0
iXx+2y+3z=0 1
lle'“lxz—0 3%, +4x, +2%; =0
€X, +2%, +3%3 =0 €% - 2%, - 3%x; =0 € X, +2X, +3%x3 =0
171 i4x1+5x2+6x3=0. 172i2x1+3x2+x3=0. 173.i4xl+5x2+6x3=0.
b7x, +8x, +9%, =0 k5%, - 3x,- 8%, =0 7%, +8x, +10x, =0

A 6Vektorlar c pbri

1Vektorlar vbo n | aorindgxotti pomollor. K s t ptlgnam ko gag x

—%éekeradl aneéer . Vekitioffthas &n & mxfi ilibkabsoiom© y ¢ |
AB, CD vDs . ki mi, oyiad bdaas ®dlnaofiekn - i k I
ilp, mosolon, &b,C vp s . ki onedirbi. R/ektoru

g°mph dptzt xpar - as éek®mn modiw ol uj
yauzunlaud]lua|m|é§1 vova |a ki mi p efdilicar

=y

Baxkl a\ifo]séocnéu—g, ®1d pr vektoras € f ér vkt or
deyilir vpo 0 Ki mi b oil kuanru r . Uhido borbborj u - v a
olan vektor is vahid vektora d | apré&simvoiu ilp h

i ko&dilir.

Mo dul | matpg birkbirino paralel w» -
istiganotliori eyni olan iki vektorabprabpr vektorlar
deyilir. Uzunl ug!l ar énptlog pimbirinin
pksinby Poimi k v efkstvektotlapard | a@ & r
VD - 5’ki mibpedilik a r b

bvekt or un unn @vaktotuaun ;;oauoae
k© - gkrmtuloavektorunun baKha 2

gl
7,

vektorunun sonu IHLE)IHDK doh wektor bu vek b
torl Izmlaedﬂ & Fb: B
¥wbvektor Irgir dedikébnelp £ . t\)g
vektoru baKab+&3—@Kmdn¢M|J&a
I S Gl
° dnsin:c=a- b. A - D
Ver i |l mi Kk idmini vorferdint tapmagn ¢ 7
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¢ - dparalelogr am g ay stéado@tnolt alar. ¢
Ver il mik sonl u oDemiytdpmaq v,
é - cm)ébucaql é | astlfadqmn)akoblarse

! -é’,bcvekt o vefilenrhéa | d a, don? a
comi b u rofindorqurufaa paalelepipedin dia ) C
gonal éder . +b+c+d

5’, 0 vektolunun bgiqi / ododinb /& vp ya _
a/ hasili elpb vektorunadeyi i r ki, o} a/i(a?\-é dja”k é
kortlor i psih:d r -

1) [of =1 &1

2)1>00ldugda § vo bv ek t or | iatigae dynj
motli, 1 <0 oldugda i® Dks istigarnrotlidir. |
Vektorl ar &n p bdodp Ivaum md ané&a s

a K aj é doolomalikdia s s b
10 $5=8 20 §ib=b+s &
3°, §+(t'>" +8 =(ac+t'5+cc. =l <o) ia(i=0)
4°% o&=o. 50| @=0 60, (1,0 ,)a=1.,( ,a).
7% 1 (S+b) =1 541 b, 80, (1, +1,)a=1,a+1,3.
Eyni b bttrvp yda(, zp axr aotlpe | pgndpgyeribkoa vektalara kolli-

near vektorlardeyilir. &, 0 vD b ovektor | =l é’m¢, A gt du ek
torl ar eén k oftidir (h vecxmrrst). €q K

Fbz ada ey miivbg ar pmg saMioe | pgraipysribkon ¢ - v ekt
komplanar vektorlardeyilir.

. v Cc - C g _ _
174Ver i Fwibkekt or IDazanevntaE\gé'kt ortumr éneée (@
O - . .
175 ABC ¢ - buc a8 :a,nA&'iab vDM n Bsigih BCtorofinin
“ (%2
ortan °mpti o | d orfk,uam wektorunua vb b vekt o r Ip#adp&dini. |
o
176.Se f e mqti awbfvekt or | errt @omdfcidki,s & K
|§+k§1:|ac-t§[m<;najsii bdojru olsun?
177.VerikmiGKektorIDaméﬁéd@%é vektorl ar

) C o, b) 45+b , C) 2(5- b) ,
C C
c) Z(a+2b)— %(g- 2b)- $b.

178 Yvob vekt or | ar é-svadar vond=K/akier vekt or | a
kollineardérl ar me?

179 1 -n&én h a mtriddp g & yoni?-18 (&, 0) vektorl a r @zuré n
| uq |lD@boréir? b
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180 1 -nén h a mtoéndp @ & wyon(®-18 (5,0 vekt oeyri ar &
istigarotp malikdirlor? ,

181 x-i n h a nlstltﬁfindoqué“yvm(xz-x-z)é’ @ 0 vekt oksl ar é
istgamot | i vektorl ardér ? )

1824 =13, |t'?[=19, |ac+k\)]=24ol duj Drmk,qg- ﬁ{)—él tapén.

C : :

183 57 b,|aﬁ:5,|q:12 ol dufj nrui<,u|e(1:+&[> V'/DI|§-t‘>I-n i tapén.

184 ABC ¢-bucajisndaneM iosh dtaf mpidir. AK =4,

o C “ |9 (%2
AC=b olarsa,AB vDBCVe kt o GBMDav @R & orplagee épzr

. CbCkV. . g.bb_c ROt

185 Ksbat edi gbckvie,kt oirxl dablyéa vgic-Zwmwe kt or | a
komplanardérlabr. Coo

186 OAB ¢ - bucacj)Aéz%dDaoszb vektorl areée ABrer i

C “

toof i ni n mirM eldugddamptvoMBvVv ekt orl aréné tapén

2Vekt or | atrtein axs\éé¢ il l&fieks, v e kt o rpl kogige v
I 1, ..l , ododlori vasibsilod ¢pz d i | mi K

o o o
hay +1 o8, .+ e,

ifadosimhomi n v e kxptaril akroémieyiirasi y as é

C gor

(93

C C C
b=1,a+l,a,+..+| 4,

(vbya bu vebatyoréll awé kgadréer ) .
aa,..avektorlaré ¢-¢n h e - oglo blamasba b

I.!,...),hogigi pdodlori varsa ki,

c. . cC c_v

I +1,a,+..+1 a,=0
olsun, onda bu vektorlatt t i asélagd | aalkktr oord®omiukh cyalb
l,=1,=..=1,=0 ol duq ohéorsp,6nda a,4,..4 vekt orxpatrienas é

olmayan vektorlardeyilir.
Teorem.a a,..aVv ekt or btatrié naésné Ix2 ol masé - ¢n
gal andtdan &€k oxmb i n apauiivwla s fertdiok mas é z
| ~ . _ _ _
Teorem.avbbv ekt or bttkas ehénokmasé onl
zoruri vok a fortdir. K
o v o . o= _ _
Teorem.a,b vbcv ekt or btatrié naésnéIxt ol masé onl
¢ - ¢onurivok a fortdir. K
187.51:(-3];5),5”2:(6;-315)vekt or btaarienaésné | x¢ é6l ybxI| ay
g-3,+6l,=0
: c ¢ C 1 . L ~ .
Hplli. 1.3 +l,a,=0Yj 1,-3,=0Y1,=1,=0, yoni & vb @, xot t i as
b5, +15 ,=0
ol mayan vektorl arder.

ar eén

[¢]]
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188 5’1:(1'2;3;0), 5’2=(2;4;6;O) vekt orbari @ mésre | éyodxulba yod fmma c

e 1,+2,=0
c . c C_i2,+4,=0_ ) .
Hplli. 1,8 +I =0Y YI,=-21,, 1, R, yoni a vb
p 18 L& % 3,+6l,=0 1 2 2 yoni &,
tod,+0d,=0
é'zxmti asél é& vektorlarder.

189, &(9,4) vektorunui(12) vbob=(2-3 v e k t o rageée épzr
190. 5’: (412-3) vektorunuaC: (2,3,1),53 (5700 vDC=@B-24 vektoéhar
Xpt toi kombi namnyasé kimi g°st
191 &/(413-2), 3,(12-32), a8,(1020,-1), a, =(-1102) v e k t ovrelra-rl émi
drAkaj émakeée kxombi nasiyal aré tapén:
)& +28,- & , b) 34 - &- 28, +34;.
192Aka] édake ovekodwopdlanm ey daned eér én:
a) & =(-315).,a, =(6-315), b) & =(1,230),a, =(24,60).
3.M¢ oM ¢zorind b vb fozada bazis vektorlar.
Thrif. My¢ svti  prigde m Hyybn ardecell eql a geter
olmayan vektorlardu m ¢, pvti prigdpki bazis vektorlardeyilir vb éf ,é; kimi
i kpadilir.
M¢ svti  prigdeki ixtiyari a vektorunu bu | s
. . . . | . . i1
m¢ Bvti Dripdeki istonilon e ,e, b a z i BYegam z |

o
v H
52' 1‘;; + 2% (1)
(O

kklindba y & r ma Bu odehledir ki, pgor oy s t e 1.5
¢cwindb (§;6) bazi si b ©mda il ibib s
avektor unopai brigdp bingysitli olarag! ,vpl ,pododlor i ni n ni z
c¢t ¢ qar K ép okgimyhor Ibimu, kb | ypododlorinin niz a ml € b ¢ ¢t
m¢, evti Drigdp (1) boratorliyi il ptoyin olunan yegama vekior u uy j/undu
vD /, pdodlorinb & vektorunun bu bazistp nozoron k 0 o r d i degilr kpa r &
a=(yl,)kimi yazérl ar.

(1-i n srEfifjdokita =1, S wa,=1,§vekt orAbaek&naunun v
b a z i ckompanentpri deyilir.

Bazis vektorl ar gar K@ biérgil néi np eurzmuennl dui

. . oG 8 .

boralor oldugda onartonormal bazisdeyilir vb i, j (||T=m=1, (|\7‘ ]):900)

D

kimi, i X ei'\'velytaiuruébebb azibAydgmiDE K €
, \ 3 \
é\’zaxi +aj

kimiyazéa;,hya)dDdIDrininéfvekt orunun koor&(hxj,a;)at | a
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koklindby azacaj €q.

Thif. Foz a d apyymme ar décél |l eqgl a goter gl mek
vektorlara bufpzada bazis vektortadeyilir €, €, vb & k i mibpedirkra r

Fozada" & vektorunune,s,.& b a z i syegarg z r

Ek{:llél"'l 2%""3&
ay »\iél é€ké varder
bcvekt orl aréneén ko mpuori wrkarfoit orllardans é

birinin qalan ikisininxptti komb i n a soklipdm g €osilb bilmpsidir, mpsblbn
C—I1a+l b ( bu mptn as e ktloo m@lr &nplamplidié)g Fozada

ortonormal bazisi s i }'kb(ﬁzmzmzl (*D=07k)=(*k)=00) ki mi i kal

\S S
edirlor vb " & vektorununi ,j,korton or maoa ylr @BpeEXKié ¢ zr
o

C C
a=a, +ayJ+aZk
koklindp yazmagq olar.
M¢ svti Drigdp ala,.a,) vD E(bx,by)vektori aréenexk bbeanodi b
diyini yoxl|l amaq ¢ - (;n bu ofekd doitilikia i &mn K
2 DY 9 VD G
Ai_@y bo ya A? b
matrlsbrman biri né nh ersaanbgléa ma @r ranc 2ye bochkerr . (
olarsaavnbba2| S Vv e lbZadarahggdrb@atoe r o ( mal édér ) .
dvektorunun veri |l milkoobradziinsatVveakeagl
m¢ evti oripdpbvpfoz ada vektorumalkoétdkhat BEag |
ifadp edorok al emyaan Pchullumatti tonliklor sistemini ol etmpk
|l azemdeéer .
193 5’(31) vektorununél’(24) 5;(5-3) bazis vekxty&kcodlanatpar éne
. €x+5y=3_ 14 _5
Hplli . a xel+y%Y(31) x@2,4) +y {5, 3)Y|4 3y = lY x=2 Y13
194 M¢ svti Dripdp 6,6, vbDavekt or | ar &8 ve & rvekbrmi k d
| arénémkbazied uihyoié'miekgoostunun pDhyr dblagx
yazeéen:

X

“@9383
OOOz

X

a) €(-12), &2, a0-2 , b) §an.&a-3.a6-Y.

195 Fozada §.&.5voavekt orelrd rl éis.& dekiror | ar enén
tok k i |-etnedlii yoi oyyon me d ipmonlar bagisok k i | prsm ahdad |
vekt Or ununpayu ekiaezmesneczyrazen:

a) €(1.00).€(1.10),&(1.11),a(- 20.- 1),
b) el(123)%( 2-44), %( l 25) a(345)

196 AB'= e1+2e2,BC—-4e1 ez,CD—-Se1 3e vekt or Imadkiér .v eKd I

edinki, ABCDt r apesi yadeéer .
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4. Mpvelovbfoz ada dg¢zbucagl é Thtay &iOdhor haskt S i
Sé mdantin geydosp@;y)msmhaork hnangsté bir orton

Thif. Qeyd ol Q nfmikvo (i;]) ortonormal bazis toplusuna
m¢ evti brigdpd ¢ zbucaql € dekaf(fvbyakpooly Wlé adplt & sk
nat sistenn) deyilir.

On°mitokoor di nat, bkaxdradcijreactée boavwli,an] éc
bazis vektoindolyenma Oxvs Oyi dg¢caatiorkkoordinat o x | ar &
a d | .aQx éxu absisoxu, Oy oxu iDordinat oxua d | &ooédmat sistemini
Oxy vbya Oij ilpi kpadbcpyik, bu koordinat sistemmu y j un  odvigpn my¢
iso Oxy m ¢, svisi deyilir.

Aydeéendeér ki, d¢ zbuickaiqg | ¢ga rkkoeol rédgilnéa t p e
xptlorlb( ox | ar 1 a) ver il morndom g $thstinaan w gahidk i
uzunl ug se-il mikdirovi nKiood#i datobyhaba

kvadr ant ) ayeér gr.

Oxy my¢ svisindd
"M n°mito baxag.
f=oM vektoruna O
n ° mpitb nozoron M
n °tmpinin radius-vek
toru deyilir. Koordinat
sistemind M n ° mpihin koord i n a OM aadiasv e kt or unun koo
adl aneéer :

M(xy) U OM =(x,y).

Thif. Qe y d o IOunn® mmgitvo (i'; j;k) ortonormal bazis toplusunaza
dad¢pmcaqgl e dekart (bgodgdihbhatcacgliastiemor d
deyilir.

yMg,svvti hal éndaObbdoufunktandlaxdn@am] écé

Koordinat b a o wnjj;& déamrd asn vkee-t mindd ar é
y °olon Ox, Oyvb Oz d ¢, atlonpk o o r d i n deyilir. Ox dbsisrox Oy
ordinat oxu, Oz isp aplikat oxu adl|l anér . K@omrddinomak e -
m¢ svilorok o o r d i mviori dewilg. Onlar bz a noikiz gblasta (oktanta)

bol ¢r. BIGrymdlaOMI=(xY;2).

5. Vekt or iddDpx 0 . &€ k sD  zots ¥ 0 n u roringp m Dy-
ybn bir istiganot verildikdo homin istiganmotlbnmik
d ¢ otto axdeyilir. Y
Vekt orunpindp xpr gweksi yasé, P njun
uzunlpwjektiolrl a ox ar asendﬁ;la'k"'"k')uc?J én |

hasilinp bprabprdir: L
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|9 .
Pr|a=|5[0031.
Vekt or wrimdop K oy B k si y a sxasplgrinv aarkdagjré:d a k e
.vekt or phPagmal el o | mkr°a-q¢ rbpal kdoeakudpriedp X ¢
pr oyekwuwzanse d
Pr(g+b) Pra+Prb
.Prl(léjzlPrla
o v o . —~ 2p _
197.a,bvocvahi d vekt oxullbaury§ uaml gou—sarpatxmcaq ar é

o
pmbl b gotirirl or. 3§+ 2b+gvektorununl 0 X ubindoki proyeksiyas éné t apén.
Hplli. Ve kt o r windoloix p,rzoyeksxnnyga%renen Xxass

pr(3a+2b+8 3pra+3prb+prc
yaza bibrik. |§:|§[=|&=1 ol duj uwioefpogadm

C
p_ p_1 1 o
= == b=-= =
pra |§{cos§ CoST=3 . P 50 PiC 1
alae q . olikEoe pr (35+ 20 + & = 3(%+2(§e 18 1=-%.
c 2+

198 AB71H VD B(56-2) n°mpt i v er iAB wektaruhin koordinat
ox| appér o¢yzerk si yal aréené tapeéen.

199 A(OOl) B(321), C(465 VvD D63 n° lbr i veril mi

&=AB+CDvekt orunun k ooondoghir oy te keax lyad ear &€ €
C C Lo

200loxuna me yet® olan gzezaﬂSj@k vektorunun bu ox¢ Dr
proyeksiyaséné tapeéen.

201 a{632} vektorununio x una me y2° olarsaa jeldounun |
oX ubirnglzpr oy ek si yaséng tapeéen.

202 Fbz ada u z-Dborbborplan ABlv e k't or u v er itorumi Kk d
Ox oxu ilp 60°li, Oy oxu ilb 45-li bucaq pmplp gotirdiyini bil orok,
A§vektorunun020xuoriruimpr oyeksiyaséné tapén.

6.Polyar koordinat sistemi. M¢, svti Drigdp polyus adlanan O n © msif
polyar ox adl a®dn (OR ahj ada& (wa hgiyda suzvunl |
verildikdodeyirlor ki pv i mrigdp polyar koordinat sistemby i n e di | mi
Burada ixtiyariM n ° mgihin voziyyoti iki hpgigi pdodIp toyin edilir:

1. M n ° mpihin O p o | y uosindmn dlantnosab-
sini ifadp edbn vb polyar radiusadlananr pdodi ilp;

2. OP polyar oxla (OM) polyar radiusvektor
ar as é n dopolygrducagadlananj pdodiilp.
M¢ svti Drigdp "M n o mpibbo b i r (r.¢)¢pol-

yar koordinat|l af(r.¢+2poki 2) onsuzx sxapyda
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koordinat | p-ni@oc¢ciue2p (voyd wprj. ¢ p) giymptlori onunb a k
giymptlpri adl anér . Pol yar b ogeolai gorokptioih gkgnp 0 X
hesabl an dtéks thadda imrgoafithesab olunur.

M¢ svti pripdpki "M n°mpti ni n pol ya(r,j) kodghechd nat |
| &xy)koor di nat bagpodé; sa ruar sl ek ek iamiad iérd:a

. e _ 2 2
éx=r cog i Every

i
}y:rsinj llsinj ==,co§ =
|

ﬁ|g<

5.
-
Buradan, X Jg u%,ix, ohaal | a rkei gmi

203 M n ° mpibhin («/5,- d¢zbucagql & k opogpolyhi kooalinalan € 8 8 a
t anp &

Hplli. kortod °orx=+/3, y=-1. Onda,

r=y(3 +(-D? =

cosj :\/5/2, sinj =-1/2,
buradan,j =11p/6. Belblikip, M (211p/6) .

204Pol yar k o oor veril mna/@l 85&(3538 icas - %8 D(2,0)
- ¢ = ¢ -

n ° mptini qurun

205Polyar koordinat sistemimd Mlgé,ﬁgMz%%g % 8 n °© moti
¢ ¢ e 9 -

veril mi kdlirri.n Ble krmayqt koordi natl aréeneée
206. A%,%QB%,- %80%,5—58 n ° mptinin polyar oxa mzorbn sinmetrik
¢ S+ ¢ T ¢ -
ol anoonPgtpol yar koordinatl aréné tapeér

207D¢zbucaql é k 00rM,(02 am,-10,5s Mg 38 mi nd
My(-1-DMs@LV3)n°mpt i veril miwdirko®©Ontiiananl @
7. Koor di pawe i ialr mi K Lmiagoumrm. Koordingth dak-
] éc é mMdxaya) n° mpitdb y °oh mi rkeOM  vektoruna M n © mgihin
radius-vektoru deyilir vb onun k oor d| N oan progelsiydarréd®l ¢ z r
nempti ni n koooramrdlrart—klamezka b

Qeydedkki, a°b=(a °b)i+(a °b)+(@ bk
I&=(1a)i +(/a) [+ (/a)k,
a=b U a =b,a =b,a =b,
M,(%,¥,,z) VD M,(x,,y,,2,) n ° miotini birlok doh vektor M,M (%, - %,
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Y, - ¥.,2, - z) kimi olur.
M¢ svti Drigdp a(a,,a,) vekt or unun |§qulajﬂa[j @djest ur u
ilD, szadaﬁ(ax,ay,az) vektouhun uz isodgkqta;x #Bj+a; d¢storu

hesab aneér .
Tutaq kidvektotunun Ox , Ooy isti@arotiod #olDADIDE N € n
got i rdivyi bucaql Abyvbgulujkeod i & tar erigdoka r &

proyeksj g ad, aarsaonda:
jcod = ﬁ - istigamptverici kosinuslar

Buradan, coga +cogb+codg=1 (kosinuslar teoremj.
Ver i B wektaru ib eyni istiganotdo vb u z u n | u jowprakoradian d
vektoravahid vektorvb yaort vektordeyilir VDé:o ilDi kp@lunur. Di,ﬁlsnté’
- T O & O
vektoru bu v e kotod vektorun hasilinrboratojdiv a=p|§[:§’°.
Buradan§°-ni
a,i +a j +azk
%[ Jas +al +a’
d(;stmltapmaqiolhré"vekt or u ¢ - (,n
C
a’ =cosai +COSb] +cosg<

vDya
a =cos, a,=Ccod, a, =cogy
m¢netdoi b dojrudur .
Tutaq ki,ﬁ(ax,ay,az) VD B(bx,by,bz) vektor |l ar gyok® Iododi ne a

varki,gzlt;')buvekt okbhfrEnegr ;mdrinmmeksaéfoi t kKonl ar
uyjun koor dbnnaastilba roél nnéans end¢étr :

Buotw ekt or |l aréemptiaol ana@aearl éq «
Ver i Mfjiykz)vo M,(x,y,.z)n°mptiar as é msdiak € m

d=[MM,| =06 - )2 +(¥, - ¥2)? +(2- 2)?
di, st bhesabl anér .
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Ver i M ysz) vdb M,(x,y,.2,) n ° mptini birlok doh MM, par a
s & h aistotindob fon (M,M =1 MM,) M(x y,z) n © minin koordh at | ar &
XX _%tly, ;=47
1+ 1+ 1+]
d¢e¢stunhes &blidnéer . | =XgStoglivsMhphddaaséneé
bt M n°mpti nin koordinatl arénén dcsturl
x=Xt% o Wty 2%z

2 2 2
Topon © moti Ax,y,) , B(x,,Y,), Clx,y;) 0l an ¢ - bmsicaj én sa
1 1 1
S:1 X, X
2X1 2 3
Yi Y2 Y5

di, st bhesabl anér .

C .b v v . . .
208 a=4i +2j-4k vekt or unun bpwzohrdli wji u nblkoginadq d ra
tapeéen.

Hpli. §[ Jal+ai +a’ =/16+4+16=1/36 =6.

[«~]}
&
gl

209 A(341),A(46-3 N ° mpti ver hviA{r\@ viekdoiumun koordinat
lar ené tapeéen.
210Par al el oqr aopor® mpdi - vaerrd &Er&,Bx ®@3,2,1),
C(6,4,4) . Dor Bgops g nin koordinatl aréné tapén.
Hpli. D(x,y,2) ki mipedk ABCDpar al el oqr aBC:oNS’d(i)nija,l é -
BC=(6- 34- 24-)=(323), AD=(x-1 y+22- 3). Belolikip, x- 1=3, y+2=2,
z-3=3vbpya x=4, y=0, z=6, yoni D(4,0,6) .
o (O VN o . . .
211 & vektoru b =5i - 4] + 22k vektorunun oksinp y °oh mi kol anun
uzunl—mb])rahardﬁ,é'vekt orunun koordinatl ar é&n
212 & vektoru Oxvb Oy k 0 o r d i n apta =eovbte=12€°-li butag
DmnIDthirir.|f§[:20l dugda bu vektorun koordina
L,' -
213 A(L32) vb B(58-1) olarsa,a= AB vektorunu w onun uzuruj u nu
tapeéen.
c v v L .
214 a=4i+2j-4k vektorunun O zyWoldiciupuoaaqglwar
kosi nusl ar ene tapen.

215 OA=i +] VD OB—-31+k v e k t o rofindorqéu r g tpardelrqgra
mén diagonallarénén uzunluql aréné targ

[

32



_ L c. L v L I
216.a vbDb-né€n h a mthorindd g+4-9 m3j +ak vD b=bi - 6j+2k
vektorlare kol linear ol ar?
217 a= (23) b—(L 3,¢=(-13)vektor | ar & pwmsearliél nmé nk dh
quthIDrlnde §+abvoc‘1’ a+r2cvektorlaré kollinear
()

C c L
218a 2|+3],b--3]-2k c=i+
%

oL Lo .
j-kvekt orelrat eni kdi r .

a)a ortvekor unun koordinatl ar éneé,

c 1C c . _
b)a-5b+cvektorunun koordinatl ar én

c v C cLLv . . _ _ _ _
c) a+b- 2c vektorununi,jk bazi say r¢ézlréek éneé,
d) pre(&- by -ni.
219 Topp n © mpti A(3-15),B(4,2-5),C(-4,03) olan ABC ¢, - bgué n & n
toposindon bk i | nli K medianénén uzunlujunu ta
220. Tutaq ki, gbwEvahi d v e loobntarl bxa ilbduéyr] alanag
2’ 3 ,pb u c a q odmelo g&tirir ler. 3a+2b+c vektorununl o x u b prageksi-
yaséneée tapeéen.
221. A(-3-7,-5),B(0,-1-2) vD C(230) n°mpt i ni n mtt & =indpe, z >
yerlbk msini isbat edin(Bn ° mpitAvDC-ni n ar amémda yer |
222Topp n ° mpt A(21-4),B(1,35),C(7,23),D(80,-6) olan ¢ r cckawg | é n &
paralelogram ol dudgolliopnuni sbazueatdiuhunOnt
2230r d i n a torindp yeanpkog, W A(L-3,7) vb B(5,7,-5) n° qtolorindon
eyni uzaqlengda apleaan n°qgt
224.0z 0 X u brirglzyerlbkon vb A(4,- 1,2) vD B(0,2,-1) n ° mptin-dbn eyni
uzaql égdenitoalpaém .n° gt
225Topp n © mpti A(3-25),B(-21-3),C5,-) ol an ¢ -bbcadcaij &@méeé r
it ol dorjiunn o igge®sstti t i b u coeog orof & m k éksvéanddr
galanikiorof i n kv aomhindent Ikar-& kodi r ) .
226 B(0,-) vb C(2-3) n ° mipti ADp ar - a s érax® hisgpyp b°b ¢ r .
ADpar - as émérni nuicn nkogotr di natl aréné tapéeé
227. M,(0,0),M,(30),M;(04) ¢ - buc apflérni ni n oloritira n°
| -bucapsémisampeéen.
228 Oyo x u D@z AB-) n°mpihdbn 5 vahi d uz el éqc¢
tapeéen.
229 Toppn © mpti A(21),B(-23),C(8-) ol an ¢(-bmcajémnapad
230 Topp n ° mipti A(4,0),B(2,2),C(-1,-1) ol an ¢ -bucaj én
olduj unu isbat edin(hansé bucag d¢zbuc

231 Hor hdaoase koor dipmxta] é d b & eo@plp goirm q | a
bilormi:
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a)a=45°,b=135",g=60°, b)a=90°b=150°,g=60°.
232Uz unl uj whbpory adli anosidih raditisgektoru absis oxu
ilp 45°-li, z oxu ilb 60°-li bucagqpbmplp gotirir. M n °© mginin koodin at | ar é
tapén.
233 ABC¢ - b u c apppé A @ptinintradiusv e k't or | ar & ver.il
c L v v C L L v C L L L
ra=i+2j+3k, rg=3i +2j+k, rc=i+4j+Kk.
G° gin ki, ABC¢ - b u combprierofliclir.
c ¢ < L A . .
234 a=4i-2j+3k vektoru veDr||q=¢eﬁ1byK=dy|wD.bX:ch

(%3
olarsa,b vekt orunu tapeén.
cC . L L L CLoL L C .
235 a=2i +3j+5k vD b=i+2j+k ektorlarecuthfllm|
vektorunun uzunlujunu tapén.
236. Vektor Oxvb Oy 0 x | @ mM=8-li vip b0’ -li bucaglaromplp gotirir. Bu
vektor Oz oxu ilbh a n s & pniplogotiairg

cC L v o . L .
237.a=i +3j + 2k vektoru ibeyniistiganotdbo | an vahi d vekto

A7Vektorl arén skalyar has

Thrif. 5’vnt;v ektor | ar enlgar aulzaurnd nudgd kaér ebuc aj
linoo n | a&kalgan hasili deyilir vb éﬂ;, é’CE)JVDya(é’,tSS simvoll aréno
ilpi kp&dilir: »

(&20)=afolcos . | =ab) . W

Kki v &adyardasithjpgiqi pdpddir.

Skalyar hasilin (1) ifaokini a vektorununb vektoru

¢ minb (vb ya torsinb) proyeksiyd ar € rstéwnr | dag €°n 1
istifadp etnokip,

o o C
(g,b) :|é(1TPrgb vDya (g,b) :Hprbcg

kimi doyazmagq olar.
Skal yar. haxasplffinm aaka@f édake

(a b) (b, é} (skalyar hasilin yemly i Bxas®si).
(a+b (%) (a éj +(b é) (skalyar hasilirpaylanmaxas®si).

(Iab)—l(ab) (alb)(skalyarvur uj u haskiakosyrargar K é
-éxarmaq ol ar) .
4°. cgor a=b olarsa, ondakalyar hasil aa koklinpd ¢pkvb o a vekto-
rununs k al yar a#l ahé kit @ipoil wamrur . Aydeéndér
a’=aa=[al".
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5% KK i vektorlimi skombyfaml thasé ¢ -bgnmp on|
per pendi k wluryvakafidio & mal ab =D.
Qeyd.Skalyar hasilin4® vb 5° xasslorindon |\’ TIZ“ ortonormal bazisektota-
ré, - ¢ n boa k a y mmrlklerl almaq olar Lo Lo
(3= =k =L; (I,J)=(,)=(,)
Teorem.Koor di maet aé{amay;eg blb,,b,.b
skalya hasili

y,Z)vektnéhar

c\v
(a,b) =ab, +ab, +a,b,

d ¢ s tilntoyin edilir.
X¢é¢susi  haa=dalarsh,ondaa d a

(52=|aﬁzza§+a§+a§ vbya |§r:\/z('§\§_2=‘}af+a§+a§ )
Nptich. 5(ax,ay,a7)v05(b b, b,)vekt aa$ @anbdackas] en kosi |
cog =& ___ab+ap +a
|é]‘5[ Ja+a +al Cz/b2+b2+b2
d ¢ s t mtaponaqiolér. Burada =90° (co90°=0)yazsaqgq, al ar éq:
ab +ab +ab, =0.

Buna & vb lc\;v e kt o rolratroégnopniadéylliré q K
dvwbvektor| arceweéni cisthbgamqlag,béqme uy]
a,, b,, g, ilDi kp&teok, bebbirtok | i f al ar éq:

Teorem (yeddi kosinuslar teoremi) Kx t i y amti arka s éinsdtai kgéz
kosinusu onl ar envewmiy§iun k o Sitoli gcatimr € n ¢

boratordir:
cog§ =cosy, cosa, +cod, cod, +Ccogy, Coy,.

(9 o o
238 [§=3, |S[:2 b = (b)=60° oldugda(25- 3b)E+2b)-ni tapen.
C C C 2

HBli. (25- 30)(5+ 20) = 252 2% B 602 :215[2 N 6|ti =-

c L L L - Lo Lo v _ _
239 a=3i +4j+7k vD b=2i -5j+2k vekt orl arénén skal

c L v L A . .~ .
240. a=mi +3j+4k vD b=4i+m -7k ve kt or | ar éminvhars € | mi

giymotlorindbbu vekt orl ar perpendi kul yardér|l
2415{L23v05{642vekt0rlare arasénda qal an

242 345 vobla5-3 vekor | ar énén skalyar hasil
243cg)r|aﬁ:4,|t§[:6vné”VDBJvektorIaré a%alarsﬁa,ndak

c v c v U )
3a-2b vb5a-6bvekt or | arhéanséinl isrkialtyaapré n .
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. C. v c v c v .
244 c @r |aC{=2,l;T=3,a'\ b olarsa,5a+3 vD 2a-b vektorlarmeé n s kal

hasilini tapen.
245 ﬁ t‘ﬂ J,(a"b) 45° olduqdaaVDb v e k t orskayar &asi@in
tapén.

246z(a:(12),t\f(2,4)vekt orl aré araséndakeé bucajé
247.|ei:3,|t'5[:1,|&:4 vog+§+g=0 ol duj wroky, (gt;k(t\)fc) +(Ef§)

o

pmi ni t app Bab+SgePberatorliyinin hor ki torof i ni ardece
é\fk;l,(l:“vektorlarénanahad@lpralbi wiu rtudop | aay &n) .
248 5’(2,],— 1) vektoruna Kkollinear olub,(é',;():S Kor t i nbypn ¥ d
vekterunun\/koorbdinatlaréné tapeén.
249 X vektoru &(23-1), a,(1-23) vekt orl aréna opperp
(>(<f2i\4-}4+lzl):-6mrtin/|bn)\("2im koordinatl aréné t a
250Topolori  A(-1-24),B(-4,-20),C(3-21) n ° miptindb  yerlokon

(- bucoflpEnnin uzwdamqlarbueaqlarene t a
251|a(1[ BH 50l duj lDmky &+ab voa-abv ekt ord mean &

h a n s éotlbgndoyperpendikar ol duql ar éné tapén.
2525(1:4|-J-2kvob (2L2)vektor|aré veril mikdir

a)at, b)(@b), 9 pid, 9 prd.
253 N1-12 b{2-23 vekt or |l ar & =g b ivekoinard i r .

bvekt oopu 0<yzark5| yasene tapeéen.

254 3=(3-6,-1), b (14,-5,c=B-412 vekt or |l adrr@rc(awl@)r i mi
ni t apen.b .

255 a=(1-34), b=(3-42), (\:'=(—:Ll4)v ektorl ar éepCyaeme | mi
tapeén. S

256 Vahid & , & , & vektolar §+&+6=0 kor t i noyirlor.® d
eE+eE+g@-i tapeén.

“C L (S S . ~

257. ba=28 kr t i mybn v8 =i +2j - 3k vektoruna kollhear olanb
vektorunu tapeéen.

258 D° r db u cteppgr °emptEvne r idir: Mm@L2W8), B(7,32), C(-3,0,6)
vbp D(924). Onun diagqodlkuylaar @ hggdmgjip@upen

259 A(410),B(221) vD C(631) ¢ - b u c epb @ hoiptidir. AB torofinin
ACtorof | pgrzoyeksiyaséné tapeéen.
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A8/ektorlarén vektrial h &

Komplanar olmayan wbakl anj &gl ar é

eyni odn°qtan op- abtﬁ
vekt or | & rvektodimum ucundan
bax déagu éﬁ,-n i noring gotirmpk @
&-¢n ol an ki - ik saltucaj én i s4 i gam
pgrobi  horpkotinin DkSI istiqanotindd
olarsa, deyimbr Ki, a b c vektorlaé s a j or i y eks thalds iisy soll &
oriyent assskkaloegddilr{k o

Thrif. Ak a] édtlerk éDy|9rK($’vektoruna kollinear oImaya?m’ vDb vek
torl a r eekta¥ia hasilideyilir: o

1°.¢-ni n u zododi lgiynjoteo avp bC(,bznnqu ur ul muegrap ar a

me n osinbbratordin: [(=dlbfsing, ¢ =ab)

C LU~
2°. ¢~ ach b,

C~U )
F.abcvektorl ar e

» sa] ok ii lpreend iarsli y al &
& vp b -nin vektorial hasili[éf,b], (5’3 ) vD ya &bsimvollarénd
ilpDi kp&dilir; C o v
C . . c=a3b
‘a?’ q:@‘BTsm/ o¢j¢p). (1)
Vektori al h xasplifivar deal éd

1> avwbvektor!|l aré lacbdal i ne
onda

¢

a3 b =0 (sinj =0).
u a3ﬁaO da
2° E: - b3 a (vektorlal haS|I yetby imexas®sinb malik deyil).
3. ((53b a3(lb)-l(a3b)(skalyar vuruju vektc

S
U
as

4.8 (b+cj=atb+aic,
(a+b)3c=a3c+b3c (vektorial hasilin paylanma xass).
Qeyd.Vektorial hasilin brifino vp 1°,2° xasslorinb g #o ortonormal ."}"’
bazi s vektorlamenq,nunektomal hasi | |
Ib3|v:]\»3]pvv C U Oy - ]«

1
=~
w
1
o
w
1
~
w
=
|
—
X



— la, | |a, al- &, a,-
33 — Yy Z|F z X| ¥ X Yy
b by bZI bz be bX byk
vDya C oo
ccli 1Kk
a*b=la, a, a,
b, b, b,

d c,stmjtapglacuolar
2605’ 2i +3j +5k vb b-|+2]+kvekt or | ar énléinniv etka p
261. 5{6,3,-2 VD 5{3,-2,6 vektorlar éoringpqyur ul muwqgmpaman
salbsi ni  tapén.
262TDpDIDr| A(lll) B(234)C(432) oI an i-bmcajéenapaim.
263 &= 2I+j- VD b—|-31+k vekt ordimy g uréuzl mu K
paral el oqr aagnéar as @ocdeaj aédnd lasainn bsunu t ap
264 é’{2,—3,:l}vol;{3,2,-4}vekt orlaré arasacmdataqplea
o N (¥} J
265 c @r |z§= tﬂzlg’\b=30° olarsa, a+3b vp 3d+b vektoflar &
¢ mindog u r ubmual el oml amen aspah
266 |4 ‘q 5a"b 45° olarsa, &~ 2b vb 38+2b v e k t o rofindor &
qgur ul mu K (,Bsbunctajtarpesnah
267. e(n:(ZL 3), b(l 11) olduqgda a3 (a+b)+a3 (a3 b) vektormu t apén.
268 MO orizplor | 2 aDnlaaQ)IpK d||fra|dn:
a)|3(J+k)- 13(| +k)+k3(| +J+k)
b) (28°+b)? (¢~ & + (b +¢)* (@+b)
269&%3,-],2),52],2,-1)vekt orlarée verilmikdirtaprea
a) a3b b) (2a+b)3b | c) (2a- b)3(2a+b)
270|§ t;[ 5,(a ’\b) 30° olarsa,a- 2bvp 38+2b v e k t o mrindor &

qgur ul mu K Earmllmllod]raapmmn sah
\

271?&( 3|- ]+kVDb—|+2koIduqdaa vwob-nén hamedd qi vy
ai +3j +bk vektoru a3 b vektoruna kollinear olar?

272 §+g+820 olduqda z(a’ét\), 513}:’ (%35 ol duj unu i sbe
(o° $)rt| K Dnbmrazbmrn iy Iavpcebéqdal ar éna vur ma

273 a(J,O 2), b(2],0) c( 111) oldugda, (zgfv3 533 é‘VD as (b3 é) -nit apéen.
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274.8 = |\3'+2c\fvo b:25+€fv ekt oroindorg@ r gy £ mieleg r manré an
salbs i ni (ﬁvaﬁﬁ‘éa]hi d ve&‘&@%).l arder ,

ORI A S C o~ Lo .
275 a=3 - j- 2kvp b=i +2j - k oldugda, (2a- b)3 (a+2b) vektorial
hasilini tapeén.

A9l.- vektorun qgqarékéq has

Thrif. a vektorunun t\; vektoruna vektorial hasilinirt” vektoruna skalyar
hasilitomi n v e kqtaorrél kadegiarive shc k i mi pedilic a r
éb\c G, MG
c=(a3 b,é}.
C v o _ _ _
Teorem. Komplanar olmayara,b vbpcvekt or|l ar é@énén mgar €K
giymoti hondosi olaraghomi n v e korinolor guralan pagatelepipedihocminb

boralordir:
(88

K's b Bildiygmizpg °fa® b| ifadosi a vob v e k t o prindpq @r Iz mu K
par al elSosgipsiapogabor d i r . On @bibin togfiapgéPxyaézg h
bilprik:

abc = (a® 6)<‘::|§3 5||6|cosj = Sfelcog . (1)

Digor torofdon bu paralelepipedin domi C v
onun ot u¥ agatos jil2Hh B pdng 1 asb /i
| ¢yéneén D hoaaordir, i nbebki /
H =|c|cog , onda

J - 1

V=SH=SdE|Gog | (2 H ;
(1) vo(2ni m¢petaky,i sal ar el
V =[ab], (3) a
(1) d¢e¢sturundan go°r¢gng¢grcokdn, n gséile a e K |
eynidir. Beloki a,b,€saj ¢- 1 ¢ BOC®M, dsuogida¢ -1 ¢ kb ol c

abc =-Volur.
Qar ékéq hasasppimandajf eédakeée
1 Vekt or Irpei yety i ésamib(a,b,cvektor | aigamuen d
la yerini cby i ®kra-n & ilp, b-ni € ilpvb €-ni a ilpovpz etk denmkdir)
gar éK énoy i kms&'rvl:bdv e oG
(83 b) @ = (b3 CJ &= (3 aj b .
2% Vekt or | mvir @dnmyandyeridyr i Bsimb g ar & K € q hasi |
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i KDSi i K ipmilpbn k||hasi1 vektor yerini i Ko k d
oy ( ehior yerii o |, K o
ac—-bac -cha=-ac

0 L~C Lhc C

3. abcvektorl ar é&nén k oabtp=00 boralarr | oy iDmaisng
nilmosi zoruri vbk a fortdir. K

Koor di ma/telraﬂam;,ag),l B(bx,by,bz) VD c“:(cx c,, Z)v ektorl ar
gar ékéq hasilini

gl

Cx

O T o
<
QD
N

<

<

O T
N

d¢ s t u r osilotapaagiolar.
Topolor i v eM jM,,Mi,M, n°mpt i ol an ¢- budmql €

mni hesab lax M gVg,, E;—M@I\mg, = M;M , gobul etk, onda bu

vekt or | mimddb g uzr ul mu K parbamiehiepi pd diéemdah b
pi r a mi odnainp @rabor blar:

v:1|§t§&.
6

276 2-1-1 ,b{13-3 vo 114 vek t or | ar &nén qar &Kk éq
c v L u N C v v - _
277.a=2 +5j+5k , b=i+j-k vb c=i+2j+2kvekt or | ar-é ko

dér | ar . C U g Y

278G ° mih ki, a |+J+mk b=i+j+(m+)k vbc=i-j+mk vekt or | a
M-i n h e - ptibddo komplahay ofa bilmzlor.

279 Topolori  A(2,2,2),B(433),C(454) vb D(B56) ol an é-buc
péramiopdemmh@n hapén.

280 G° mih ki, A(5,7,-2),B(31-1),C(94,-4) vD D(L50) n ° mipt i bkr m
tov i pripdedirlor (Dg?AxBVt,A(\:J,ADVvektorlarénén k o my
yoxl|l ayén) .

(9
28]_Koordinatlg,,cc\éek/tecurillamrié(nén gar éKéq
c e v v v L L C L L L
a)a—|+21+3k b:-l-J+2k, c=3i+j-2k,
C L L,C C
b) a(123) b(045) §0,06) | c) a=2k,b=2j,C=2i.

282 a(L52) b( 11-1), c(J,J,l) vektor |l ar é n eonl nfacomg@lednn ar o
283 a,b,c vahi d vektorl aor(aeb) :\(cea? b)damﬁ skbdai tr evd i

ggg:%sinZa (g®rsitk: qar mifindoyistiade adin 6= b,S) .

o
284 &bC vektorlaré koompn@math amsosndolgli y
c. - cc v Cc_C ~ ,C _ o
a+2o+lc, 4a+5h+6c, 7a+8b+l’c vekt or | ar é komptl iakar

CcCv“C _ _ .
abcvektorl aréné bazis g°°tg¢reéen).
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285, Tetraedrin tpp n © mot | v e r DO(5m8K h@,3):;, B(4L-2),

C(6,37). O topposindbn ABC¢ zpenndi ri I mi kK he¢gnderl gy ¢
286 ¥=(1-21) , b=(321) , =101 v ekt o r driry gurugzK
paralelepipedifiocmin i  t ap én.

287.He s abl a)yee bb-c)c-a), b)ab-c)a+b+2c).

Test wolgimun

34 3 ~
1. A E: gmatrisi ni aoxden] éhdaanksé& nma tvruirsmaq ol
g 5 -2+
3 25 8 355 _ &340  a3p
N 48 BIAsEZ | 0 O 25 D)BG E)(5 4 3 2)
¢ ¢ ¢l -5: ¢
o A19
a3 2 10 . . . _
2. 8%12%OOIarsa,ABhaS| I i ni tapén.
3+
240 &0 420 5al - 28
A) &,0 B)&e, 0 Cfl-25 DA 50
g3+ 838+ ?;59 gé <
al 2 3%
3.1 119matrisinin rangéné tapeéen.
& o}
-101:
A)3 B)O C)2 D)1 E)4
4.233° | - Almatrisini 33 4 °| - (Bl maatrisimvurdugdeh ans é °1 - ¢1 ¢ me
A) 334 B) 233 C)23 4 D)43 2 E)43 3

5.a=(%-22) vektoruna kllinear olub, Xa=-18 kor t i myibn X°vekiorunun

koordinatl aréné tapeén.
A (243 B)(-24-4 0)(233) D)(%-35 E)(3-42)
a=(3-1-2), b =(2-1) oldugda[a3 (2a+b)] vektorunun koalinal ar éné t a
A GL7)  B)(-234) ©)(-237) D)(5-1-7)  E)(5L-7)
7.1al=10, |b |2, (3,b) =12 olarsa,|[a3 b]|-n i hesabl ayén.
A)15 B)9 C)14 D)7 E)11
p{x 11 1!\
8. Tonliyin  kofi ¢orhinit ap &n x-1 1 |=0
1 1 x-
A)2 B)1 C)3 D)4 E)-5

f Xx+3y+5z=1
9. 1 3x+y+3z=2 oldugdaxyz-i t apén.

f5x+3y-z=-3
P T . 62
35 36 26 36 16
10.a=4i +2j- 4k vektorunmy °chdi ci kosinuslaréné tapeé
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212 21 2 2. .12 212 12 2
AZiZi=  B)Zis-S OZ-Iio D-Tinis BDin- o
333 "33 3 3 33 333 33 3
11.3a(%2) vob(-21) vekior | ar & araséndaké bucajé tap
A) 45° B)90° C)30° D) 60° E)120
12a=3 wb=2kvektorl ar é&n én vt eakptéanr.i a l hasi |l
A)6] B)-6j C) D) E)
13. VD v e k t o morindp gueulm pardelogra-
meé n pssiarhi t apén.
A) B) C) D) E)
14.Topolori , , n°mptindbol an ¢-bmcajéenapéel
A) B) C) D) E)
15 -nén hanotiedd qgi ym VD vektorl areée g
perpendi kulyardérl ar?
A)-6 B)6 C)5 D)-5 E)7

16Pol yar koowdriinlanmilkar én®imltt ni n d¢ z bnata-aq | &
rReé tapeéen.

A) B) C) D) E)

17. VD verildikdp -né tapeéen.

A) B) C) D) E)

18. VD verildikdp -ni tapén.

A) B) C) D) E)

19.Toppn © mipti n ° mptindp olan tetraedrin
hoc mi ni t apén.

A)l B)2 C)3 D)4 E)5

20. , VD oldugda -ni tapén.

A) 20 B) 21 C)22 D)23 E)24
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